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STABILITY OF PLASTIC ELONGATION OF A BIMETALLIC SHEET 

S. S. Oding UDC 539.214:539.374 

The extension of a sheet  is l imited by the magnitude of the cr i t ical  s t ra in  at which local thinning of the 
mater ia l  begins with the format ion of a neck. We solve the problem of the stabil i ty of plastic extension of a bi-  
metall ic sheet  under conditions of plane s t ra in .  The solution is constructed by using the theory of finite de-  
format ions of a r ig id-plas t ic  mater ia l .  

1. We consider  the plast ic extension of a bimetal l ic  sheet  with a given law of variat ion of length. The 
loss of stabili ty in this case can be represented  as a p rocess  of continuous change of equilibrium shapes. 
Therefore  the cr i t ical  s t ra in  at which a neck is produced can be determined by the bifurcation method. 

Since the loss of stabili ty of deformation under considerat ion occurs  during the plast ic deformations de-  
veloped, we neglect e last ic  deformations and assume a model of a r ig id-plas t ic  mater ia ls  with isotropic ha rd -  
ening. 

The flow curves of the materials of the layers of the bimetallic sheet a (t) = ~{e i) (e e) and a~ ) = a(e 2) {e e) 
are assumed given. Here superscripts 1 and 2 denote quantities referring to the separate layers of the sheet; 
a e = [(3/2)sijsij] I/2, stress intensity; si] = crij -a6 ij, components of the stress deviator; aij, components of 
the stress tensor; a = (I/3)(~mn6mn, hydrostatic pressure; and ee, cumulative plastic deformation. 

The problem is to determine the strain ee. beyond which deformation occurs with the formation of a neck. 

As the equations of state we take the equations of the deformation theory of plasticity, written for finite 
s t ra ins  in the fo rm 

2 ae 
sii = T ~ eij, (1.1) 

where the eij are  the logari thmic s t ra ins ;  e e = [(2/3)eijeij]l /2 is the intensity of the logari thmic s t ra ins .  Log- 
ar i thmic s t ra ins  are used in Eqs.  {1.1), since for  large deformations the condition of incompressibi l i ty  of the 
mater ia l  eij6ij = 0 is compatible with Eqs.  (1.1) only for  logari thmic s t ra ins .  

Bifurcation in a state A means that in addition to unperturbed deformation in state A, per turbed deforma-  
tion in a state B infinitely close to it is possible.  

We introduce a Cartesian coordinate sys t em in state A in such a way that for  the same par t ic les  the co-  
t ordinates x i in state B and the coordinate x i in state A are related by the equation 

z t  = x~ § u~, ( 1 . 2 )  

where u i is an additional infinitesimal displacement  of a par t ic le .  Then 

dx ~, = (8~ + ut.~) dz~. (1.3) 

F rom now on subscr ip ts  after  a comma denote differentiation with respec t  to the corresponding coo r -  
dinate x i. 

Retaining only f i r s t  o rde r  infinitesimals in the determinant  of sys tem (1.3), we obtain the incompres -  
sibility condition of the medium in the fo rm 
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Uh,h = 0. (1.4) 

The d e r i v a t i v e  of s o m e  quan t i ty  a wi th  r e s p e c t  to x I i s  e x p r e s s e d  in  t e r m s  of i t s  d e r i v a t i v e  with r e s p e c t  
to  x i in the f o r m  

OalOx~ = (6i~ - -  u~,~) a,~. (1.5) 

C o m p a r i n g  s t a t e s  A and B, we w r i t e  a l l  q u a n t i t i e s  in the  p e r t u r b e d  s t a t e  B in the  f o r m  

' 0 ' 0 # 0 (ri~ = ai~ -}- ai~, e i j =  ei~ -]- ei~, ui : ui -}- us, 

w h e r e  a i j ,  e i j ,  and u i,  a r e ,  r e s p e c t i v e l y ,  add i t i ona l  i n f i n i t e s i m a l  c o m p o n e n t s  of the s t r e s s  t e n s o r ,  the  l o g a r i t h -  
m i c  s t r a i n  t e n s o r ,  a n d t h e  d i s p l a c e m e n t .  A s u b s c r i p t  0 de no t e s  a quan t i t y  r e f e r r i n g  to  the  u r . p e r t u r b e d  s t a t e  A. 
In add i t i on  to  t h e  l o g a r i t h m i c  s t r a i n  t e n s o r  el i  , we c o n s i d e r  the  A l m a n s i  t e n s o r  of f in i t e  d e f o r m a t i o n s  c o a x i a l  
with i t ,  

T - - - 7 - - - 7  �9 (1.6) 

As a r e s u l t  of  l i n e a r i z a t i o n  of (1.6), we  ob ta in  by  us ing  (1.5) 

1 
0 - 1 -  0 0 0 0 (1.7) 

The r e l a t i o n  b e t w e e n  the  p r i n c i p a l  c o m p o n e n t s  and the  p r i n c i p a l  add i t i ona l  c o m p o n e n t s  of t h e s e  s t r a i n  
t e n s o r s  h a s  the  f o r m  

, t in ( i  - -  2e~); eh = eh/(t 2e~). (1 .8)  eb. = - - - ~  

F r o m  now on by  r e s t r i c t i n g  o u r s e l v e s  to  a h o m o g e n e o u s  s u b e r i t i c a l  s t a t e  and s u p e r p o s i n g  the x i axes  on 
the  p r i n c i p a l  d i r e c t i o n s  of t he  s t r a i n  t e n s o r  of the u n p e r t u r b e d  s t a t e ,  we have  

'eo = elj /( l  - -  2e ~ fori = j (no Eover i, j), 
= 0 0 

In add i t ion ,  we r e w r i t e  (1.7) in the  f o r m  

(1.9) 

el i  = t [ ( t  - -  2e~) u~,j "~- ( t  - -  2e ~ uLi ] (no E over i, j). 

Subs t i t u t i ng  (1.10) in to  (1.9),  we have  

(1 .10)  

e~j = ut,j  for i = j,  e i j =  Bi ju l ,  i - ~ B j i u l ,  i for i=/=] (no Y, over i, j), (1.11) 
w h e r e  

- 0 \ e~- -9  In , e  . ~ 1 6 3  BiJ : t / t -~ t  o o ~ ~i 

W r i t i n g  the  equa t i ons  of e q u i l i b r i u m  of an e l e m e n t  of the m e d i u m  in s t a t e s  A and B, s u b t r a c t i n g  one f r o m  the 
o t h e r ,  a n d  us ing  (1.5), we ob t a in  

O 
aij,5 - -  ao,kuk,i = 0. (1.12) 

AS a r e s u l t  of l i n e a r i z i n g  the  equa t ions  of s t a t e  (1.1), we have  in ou r  no ta t ion  

i 
siJ ---- -~ ( 2e i~  + A ~  (BK - -  i )  ee}, (1.13) 

whe r e 

The add i t iona l  s t r a i n  i n t e n s i t y  i s  

e~ ~ --  e~ 
% --=- ~le~; K = ~ ; Ai~ = " ' .= 2 , j .  

" O e (I e 3 eO e 

e e ~ A r a n e m n .  (1.14) 
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We r e w r i t e  the b o u n d a r y  cond i t i ons  f r o m  [1] fo r  an i n c o m p r e s s i b l e  m a t e r i a l  in our  no ta t ion  

0 0 ((~j - -  Ohtuj,k) ~ dS  = ~ (P{dS) ,  (1.15) 

w h e r e  dS is  an e l e m e n t  of a r e a  of the  s u r f a c e ;  ~ ,  c o m p o n e n t s  of a uni t  v e c t o r  n o r m a l  to  the  s u r f a c e  of the  body 
in the  u n p e r t u r b e d  s t a t e ;  P idS,  c o m p o n e n t s  of the  s u r f a c e  l o a d  v e c t o r .  

2. We i n v e s t i g a t e  the  s t a b i l i t y  of t he  b i a x i a l  e x t e n s i o n  of a b i m e t a l l i c  s h e e t  u n d e r  cond i t ions  of p l ane  
s t r a i n .  The p r o b l e m  of {he p lane  e x t e n s i o n  of a u n i f o r m  s h e e t  was  s o l v e d  in  [2] in the  a p p r o x i m a t e  L e i b e n z o n -  
I s h l i n s k i i  f o r m u l a t i o n .  

L e t  us  c o n s i d e r  the  s o l u t i o n  of the  p r o b l e m  f o r  a p a r t i c u l a r  l a y e r  o f  the  s h e e t .  The  s t r e s s e s  a~  x and ~~ z 
deve lop  in t he  x and z d i r e c t i o n s  in an e x t e n d e d  l a y e r  o f t h e  s h e e t .  The y ax i s  is  d i r e c t e d  a long the  n o r m a l  to  
the  s u r f a c e  of the s h e e t .  We a s s u m e  tha t  the  s u b c r i t i c a l  s t a t e  i s  p lane  and h o m o g e n e o u s :  

2 r = ~ = ~ = ~ 0, ~ = 4 / 2 ;  4 = 0, 4 ~-~ 

As in [2], we a s s u m e  tha t  the  s h e e t  l o s e s  s t a b i l i t y  by the f o r m a t i o n  of a r a t h e r  e x t e n d e d  n e c k  a long the z 
ax i s .  U n d e r  t h e s e  a s s u m p t i o n s  Eqs .  {1.4) and {1.11)-(1.14) r e d u c e  to the s i n g l e  e q u a t i o n  

w h e r e  

(~ 4 ~ ~2 ~4 ) 
~ + 2 ~ +  ~ ~ = 0 ,  

co-- 11--K i (1--~ .~);~=~.~,  e ~  ln)~ x. 
Bxy [2 

We s e e k  the  s o l u t i o n  of t h i s  equa t ion  in  the  f o r m  

uy = ~(t) cos ~x, t = ~y. 

It f o l l ows  f r o m  the i n c o m p r e s s i b i l i t y  cond i t i on  {1.4) tha t  

ux = - -~ ' ( t )  sin kx. 

(2.1) 

(2.2) 

Denot ing  by h i and  h 2 the  t h i c k n e s s e s  of t he  l a y e r s  of the  b i m e t a l l i c  s h e e t  a t  the  i n s t a n t  in ques t ion ,  we t r a n s -  
f o r m  to  d i m e n s i o n l e s s  c o o r d i n a t e s .  We p l a c e  the  o r i g i n  of  c o o r d i n a t e s  at  the  b o u n d a r y  b e t w e e n  the  l a y e r s .  
Then f o r  the  f i r s t  ( lower)  l a y e r  of the  s h e e t  - 1  _< y _< 0, a~d f o r  the  s e c o n d  {upper) l a y e r  0 _< y _< 7 ,  w h e r e  ~ = 

h2/h I, 

Under condition (2.2) the solution of Eqs. (2.1) for the first and second layers of the sheet has the form 

q01 = (CII cos ~it 4- C~ sin ~it) e ~It 4- (C~a cos v/4- C14 sin ~r e -~It, 

(P2 = (C~1 cos v~t 4- C~.~ sin ~2t) e "2t 4- (C23 cos ~2t 4- C2~ sin v2t ) e -~2~', 

w h e r e  

~1 ~ V(~ + ~i)/2; ,, = V ~ 2 ;  

~ = V (8 + ~0)/2; .~ = / ( 8  - :2)/2; 
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,1K1 ( i -  = n,K. ( l  - 
al  ~-~ Bay 2 Bay 2 

We de te rmine  the in tegra t ion  constants  Cij ,  f rom the condition that  t he re  a r e  no loads on the f r ee  s u r -  
faces  of the shee t s  at  y = - i  and y = 7 ,  and f rom the condit ion of continuity of the components of the d i s -  

I p lacement s  u x, u~ and the components  of the s t r e s s e s  c~,  ' Sxy at the boundary" between the two l a y e r s  (at y = 0). 

F r o m  (1.15) ~ve obtain at  y = - 1  

sO) 2 _0(1) 0 . (1) O, o (1) 

a t y  =y 

a t y  = 0 

s(1) 2 _o(1) o (i) 0(2) 2 Co(:) 0 u(y~) ' o~1) = o(y~) 

These condit ions fo rm a s y s t e m  of eight  homogeneous a lgeb ra i c  equations for  the eight  constants  Cij .  In o r d e r  
fo r  a nont r iv ia l  solut ion to exis t ,  the de te rminan t  of the s y s t e m  must  vanish.  

Since the law of va r i a t ion  of the length of the shee t  is  given,  we de t e rmine  the p a r a m e t e r  X c h a r a c t e r -  
izing the extent  of the neck  f rom the condit ion that  the axia l  d i sp l acemen t  u x at the ends of the shee t  is un- 
pe r t u rbed ,  i .e . ,  Ux = 0 at x = 4-1 /2 .  Here  l is  the ins tantaneous  length of the shee t .  

We use a power  law approximat ion  of the flow curves  of the m a t e r i a l s  of the l a y e r s  of the shee t  

A ca lcu la t ion  was p e r f o r m e d  fo r  a b ime ta l l i c  shee t  of Ya 1 -T  s t ee l  (A = 1010 MN/m2~ m = 0.263) and St. 
25 s t ee l  (A = 690 M N / m  2, m = 0.170). F igu re  1 shows the c r i t i c a l  s t r a i n  % ,  as a function of the d imens ion-  
l e s s  length l / h  1 of the b ime ta l l i c  shee t  fo r  s e v e r a l  r a t i o s  of the th i cknesses  of the l a y e r s .  I~ can be seen  f rom 
the f igure  that  while fo r  the extens ion  of a continuous shee t  (7 = 0) the c r i t i c a l  s t r a i n  v a r i e s  with the length 
only fo r  shor t  lengths ,  fo r  the extens ion of b ime ta l l i c  shee t s  the length has  a s ignif icant  effect  on the c r i t i c a l  
s t r a i n  e e ,  a t  the ins tant  a neck  is  fo rmed .  F i g u r e  2 shows the effect  of the r a t io  of the t h i cknes se s  ~/ of the 
l a y e r s  of the  b i m e t a l l i c  shee t  on the c r i t i c a l  s t r a i n  f o r  inf ini tely long shee ts  ( / ~  ~ or  ~ -~ 0). Ana lys i s  of the 
r e s u l t s  showed that  fo r  inf ini tely long b ime ta l l i c  shee t s ,  as fo r  continuous shee t s ,  the c r i t i c a l  s t r a i n  obtained 
ag reed  with the s t r a i n  de t e rmined  f rom the condit ion of reaching  the max imum of the axial  load.  
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